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1. Introduction 

The question of whether there exist complete bounded complex submanifolds 
of a Euclidean space C n for n > 1 was raised by P. Yang [19\ [20] . (Recall that an 
immersed submanifold / : M — > C n is said to be complete if the induced Riemannian 
metric f*ds 2 on M, obtained by pulling back the Euclidean metric ds 2 on C n by the 
immersion, is a complete metric on M. A submanifold is bounded if it is contained 
in a relatively compact subset of the ambient space.) The first important result in 
this direction was obtained in 1979 by P. Jones [13] who constructed a holomorphic 
immersion of the unit complex disc D into C 2 (and an embedding into C 3 ) with 
bounded image and complete induced metric. His method is strongly complex 
analytic and is based on the BMO duality theorem. 

The closely related question on the existence of complete bounded minimal 
surfaces in M 3 was a classical problem in the theory of minimal surfaces, known 
as the Calabi-Yau problem; the first affirmative answer was given in 1996 by N. 
Nadirashvili [T7]. His method uses Runge's theorem for holomorphic functions on 
planar labyrinths of compact sets. 
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No new examples of complete bounded complex submanifolds in C n were 
discovered until recently when F. Martin, M. Umehara, and K. Yamada [16] extended 
Jones' result to complete bounded complex curves in C 2 with arbitrary finite genus 
and finitely many ends. Their technique is completely different from the one used by 
Jones and is much more geometric; they used the existence of a (simply connected) 
complete bounded null holomorphic curve in C 3 (see [2]) and modified a technique 
developed by F. J. Lopez [15] for constructing complete minimal surfaces in M 3 . 

Finally, A. Alarcon and F.J. Lopez [2] constructed complete bounded holomorphic 
curves in C 2 and null curves in C 3 of arbitrary topological type. Their method 
also comes from the theory of minimal surfaces in K 3 and null curves in C 3 , and 
it strongly relies on Runge's and Mergelyan's approximation theorems. Moreover, 
their examples have an extra feature: they can be made proper in any convex domain 
of C 2 ; in particular, in the unit ball B = {u G C 2 : |u| < 1}. 

In the same spirit, L. Ferrer, F. Martin, and W. H. Meeks [5] constructed complete 
minimal surfaces with arbitrary topology and properly immersed in any convex 
domain of R 3 . 

Despite their flexibility, none of these methods enables one to control the complex 
structure on the curve, except obviously in the simply connected case when any such 
curve is biholomorphic to the unit disc. The aim of this paper is to construct 
complete bounded complex curves that are normalized by any given bordered 
Riemann surface. Our main result is the following. 

Theorem 1.1. Every bordered Riemann surface admits a complete proper holomor- 
phic immersion to the unit ball o/C 2 , and a complete proper holomorphic embedding 
to the unit ball of C 3 . 

Theorem II .11 is an immediate corollary of the following more precise result. 

Theorem 1.2. Given a bordered Riemann surface, 1Z, and a holomorphic map 
f: 1Z — > C™ for some n > 1, it is possible to approximate f, uniformly on a given 
compact subset of 1Z, by complete proper holomorphic immersions ( embeddings if 
n > 2) into any open ball in C n containing the image f(JZ). 

By a small modification of our proof one can replace balls by arbitrary convex 
domains. Our method, coupled with the techniques from [6], can also be used to 
construct complete proper holomorphic immersions of bordered Riemann surfaces 
into any Stein manifold of dimension > 1 (see Sec. E]). 

Our construction is inspired by that of Alarcon and Lopez in [2], but we use 
additional complex analytic tools. The examples in [2] appear after two different 
deformation procedures, starting from a given holomorphic immersion /: 1Z — > C 2 ; 
the first one using Mergelyan's Theorem, and the second one Runge's Theorem. 
Since the latter provides no information on the placement in C 2 of some parts of the 
curve, one must shrink the curve to guarantee its boundedness, thereby losing control 
of its complex structure. In the present paper we replace Runge's Theorem by the 
solution of certain Riemann-Hilbert boundary value problems. This gives sufficient 
control of the position of the curve in the ambient space to avoid shrinking. 

The use of Riemann-Hilbert problem in the construction of proper holomorphic 
maps has a long history; see the 1992 paper of Forstneric and Globevnik |11] and 
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the introduction and references in [BJ. A more recent addition is the method of 
gluing sprays of holomorphic mappings to an arbitrary complex manifold that was 
developed in [BJ[U]; see Subsec. [231 (For maps to complex Euclidean spaces one can 
simply apply the solution of the additive Cousin problem with bounds.) Another 
important tool for our purposes is the method of Forstneric and Wold |12] to expose 
boundary points of a complex curve in C n . These additions allow us to substantially 
simplify the construction in [2] and, what is the main point, to avoid any changes 
of the complex structure on the Riemann surface. 

It is classical that any open Riemann surface immerses properly holomorphically 
into C 2 [51 [IS] (see also [I]), but it is an open question whether it embeds in C 2 [3J. 
Forstneric and Wold [12] recently gave an affirmative answer for bordered Riemann 
surfaces whose closures embed holomorphically into C 2 , and for all circular domains 
in C [13]. Since the immersions in C 2 constructed in the present paper may have 
self-intersections, the following problem remains open: 

Question 1.3. Does there exist a complete (properly) embedded complex curve in 
a ball of C 2 ? 

As we have already mentioned above, there are examples in the literature of 
complete bounded minimal surfaces and null curves with arbitrary topology (see 
[21 [8]); however, nothing is known about the complex structure on these surfaces. 
In the light of Theorem 11.11 the following is therefore a natural question: 

Question 1.4. Does every bordered Riemann surface admit a complete conformal 
minimal immersion into a ball of M 3 ? Even more, does every such surface admit a 
complete null holomorphic immersion (or embedding) into a ball of C 3 ? 

The paper is organized as follows. In Sec. [21 we collect the technical tools. The 
central part is Sec. [3] where we state and prove the main lemma. Theorem 11.21 
is proved in Sec. HJ by a recursive application of Lemma 13.11 In Sec. O we sketch 
the construction of proper complete holomorphic immersions of bordered Riemann 
surfaces to Stein manifolds. 

2. Preliminaries 

Denote by (•,•), | • |, dist(-, ■), and length(-), the Euclidean scalar product, norm, 
distance, and length in C n = M 2n . 

Given u G C n , set {u)^ = {v G C n : (u,v) = 0} and span{u} = {(u: ( G C}. 
Notice that if u ^ G C n , then (u) 1 - is a real hyperplane in C n . 

For any compact topological space K and continuous map / : K — > C n , denote by 
||/||o,x = su Pxex l/( x )l the maximum norm of / on K. If K is a subset of a smooth 
manifold M and / is smooth, then for every integer r G Z + = N U {0} we denote by 
||/||r,if the C r -maximum norm of / on K, measured with respect the expression of 
/ in a system of local coordinates in some fixed finite open cover of K. Similarly we 
define these norms for maps M — > X to a smooth manifold by using a fixed cover 
by coordinate patches on both manifolds. 

Given a topological surface M with boundary, we denote by bM the 1-dimensional 
topological manifold determined by the boundary points of M. By a domain in M 
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we mean an open connected subset of M \ bM. A surface is said to be open if it is 
non-compact and does not contain any boundary points. A Riemann surface is an 
oriented surface together with the choice of a complex structure. 

Definition 2.1. An open connected Riemann surface TZ is said to be a bordered 
Riemann surface if it is the interior of a compact one dimensional complex manifold 
TZ with smooth boundary bTZ consisting of finitely many closed Jordan curves. 

A domain in a bordered Riemann surface TZ is said to be a bordered domain if 
it is a bordered Riemann surface, hence with smooth boundary. It is classical that 
every bordered Riemann surface is biholomorphic to a relatively compact bordered 
domain in a larger Riemann surface TZ which can be chosen either open or compact. 

Denote by SSijV) the family of bordered domains Ai d TZ such that TZ is a tubular 
neighborhood of .A/f ; that is to say, M is a Runge subset of TZ and TZ \ M. consists 
of finitely many open annuli. 

Let TZ a bordered Riemann surface and X be a complex manifold. Given a number 
r > 0, we denote by <g/ r (TZ, X) the set of all maps /: TZ — > X of class C r that are 
holomorphic on TZ. (This space is defined also for noninteger values of r by Holder 
continuity.) For r = we write ^°(B,X) = £/(B,X). When X = C, we write 
af r (7Z,C) = gf r (TZ) and ,&f°(TZ) = srf(TZ). Note that s>f r (TZ,C n ) = £/ r (TZ) n is a 
complex Banach space. For any complex manifold X and r > 0, the space £/ r (TZ, X) 
carries a natural structure of a complex Banach manifold [9] . 

Let J'iJZ, C n ) denote the set of all C 1 immersions TZ — > C n that are holomorphic 
in the interior. We shall also write ^(TZ) when the target is clear from the context. 

Given an immersion /: TZ — > C n , we denote by = /*(•,•) the Riemannian 
metric in TZ induced by the Euclidean metric of C n via /; that is, 



the distance function in the Riemannian surface (TZ,^). 

A curve 7: [0, 1) — ?- 7^ is said to be divergent if the map 7 is proper; that is, if the 
point 7(i) leaves any compact subset of TZ when t — > 1. 

Definition 2.2. An immersion f:TZ—> C n is said to be complete if (TZ,^) is 
complete as Riemannian surface; that is to say, if the image curve / o 7 in C n has 
infinite length for any connected divergent curve 7 in TZ. 

2.1. A Riemann-Hilbert problem. We shall need approximate solutions of 
certain Riemann-Hilbert problems over the unit disc ID = {£ £ C: |C| < 1}- Such 
results have been used by several authors; the precise version of the following lemma 
is taken from the papers [61 [7]. 

Lemma 2.3. Fix an integer n £ N. Let f G j2?(B) n , and let g: bO x 5 ->• C n be 
a continuous map such that for every fixed £ € MO we have fl'(Cr) £ i^(B) n and 
g(C,0) = /(C)- Given numbers e > and < r < 1, there exist a number r' G [r, 1) 
and a map h G g/ (D) n satisfying the following conditions: 



If / is holomorphic, then ah 




• dist(/i(C),5(C, WD>)) < e for all ( G bO, 

• dist(h(pC),g{(,B)) < e for all ( G bO and p G [r 



■', 1), and 
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• \h(() - f(()\ < e when \(\<r'. 

In particular, if J is a compact arc in the circle bD and g(C, •) = /(C) is the 
constant disc for all points C G bH) \ J, then for any open neighborhood C of J in D 
one can choose h such that \\h — /" 1 1 q io\c ^ e ' 

A characteristic feature of the map h in the above lemma is that its boundary 
values must spin very fast in a small neighborhood of the torus in C n that is formed 
by the boundaries of the discs g(C> ■ ) f° r I CI = 1- in the model situation in C 2 , with 
/(C) = (CiO) an d g(d z ) = (C) z ) f° r ICI = 1 an d \z\ < 1, a suitable (exact!) solution 
is the map /i(C) = (C> C N ) f° r large values of N G N. Indeed, the proof of the lemma 
amounts to a reduction to this model situation. 

2.2. A gluing lemma. An important technical step in our construction is to glue 
pairs of holomorphic mappings on special geometric configurations in a Riemann 
surface. We first explain this for maps to C n ; in the next subsection we address the 
correspoding problem for maps to an arbitrary complex manifold. 

Definition 2.4. A Cartan decomposition of a bordered Riemann surface TZ is a pair 
(^4, B) of compact domains with smooth boundaries in TZ such that C := Af]B also 
has smooth boundary, and we have 

AUB = TZ, A~\Br\~B~XA = ®. 

Compare with the notion of a Cartan pair [1U\ Chap. 5]. In applications in this 
paper, one of the two sets A, B will be a disjoint union of finitely many discs. 

The following well known lemma is a solution of the Cousin-I problem with 
bounds; c.f. Lemma 5.8.2 in [10]. The operators A and B are obtained by using 
a smooth cut-off function for the pair [A, B) and a bounded solution operator for 
the (9-problem on TZ. 

Lemma 2.5. Let AL) B = TZ be a Cartan decomposition of a bordered Riemann 
surface TZ. Set C := A n B. For every integer r G Z + there exist bounded linear 
operators A: £/ r (C) — > £/ r (A), B: s^ r {C) — > £/ r (B), satisfying the condition 

c = Ac-Bc Vce^ r (C). 

Corollary 2.6. (Assumptions as in Lemma 12.51 ) For every pair of integers n £ N 
and r £ 7L+ there is a constant M = M n ^ r > with the following property. Given a 
pair of mappings f G £/ r (A) n , g G srf r (B) n , there exists F G £/ r (lZ) n such that 

\\F-f\\ r , A <M\\f-g\\ rt c, \\F - g\\ r , B < M\\f - g\\ r , c . 

The corollary follows immediately from Lemma 12.51 bv setting c = f\c — g\c G 
£/ r (C) n , a = Ac G £/ r (A) n , b = Be G gf r (B) n , and noting that as a consequence 
we have / — a = g — b on C. Hence the maps f — a: A — > C n and g — b: B — >■ C" 
amalgamate into a map F: TZ — > C n with the stated properties. The constant M 
depends on the norms of the operators A,B in Lemma 12.51 

2.3. Gluing holomorphic sprays. The simple gluing method in the previous 
subsection no longer works in the absence of a linear structure on the target manifold. 
It can be replaced by the method of gluing pairs of holomorphic sprays of maps that 
was developed by Drinovec Drnovsek and Forstneric [6j [TJ [9] ; this method applies to 
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maps with values in an arbitrary complex manifold. We recall the main result and 
refer for further details to the cited papers, or to Sect. 5.9 in the monograph jlOj. 

Definition 2.7. Let r G Z + . A spray of maps TZ — > X of class g/ r (lZ, X) is a 
C r map F:PxK->X that is holomorphic on P x TZ, where P is a domain of a 
complex Euclidean space C m containing the origin G C m . The spray is said to be 
dominating if the partial differential ^F(t, z) : TfC m = C m — > Tpu z \X is surjective 
for all (t, z) G P x TZ. The map / = P(0, •) : TZ — >■ is the core map, and P is the 
parameter set of the spray P. 

A spray of maps in the above definition can be viewed as a holomorphic map from 
the domain P C C m to the Banach manifold £/ r (TZ, X). 

Lemma 2.8 (Existence of sprays [6]). For every map f G £/ r (TZ, X) (r > 0) there 
exists a spray of maps F : P x TZ — > X of class C r such that P(0, •) = /. 

In the special case when X = C n we can simply take F(t, z) = f(z) + 1 for t G C n 
to get a dominating spray of maps C n x 1Z — > C n with the core map /. 

Lemma 2.9 (Gluing sprays of maps, [6]). Let (A,B) be a Cartan decomposition 
of a bordered Riemann surface 1Z (Def. \2.J$ , and set C = A Pi B. Given a domain 
G Po C C m and a dominating spray of maps Fa '■ Po x A — > X of class C , there 
exists a domain P <e Po C C' m containing G C m such that the following holds. 

For every spray of maps Fb : Po X B — > X of class C r that is sufficiently C -close 
to Fa on Po x C there exists a spray of maps F : P x 1Z — > X of class C such that: 

• the restriction F: P x A — > X is close to Fa in the C r -topology (depending 
on the C T -distance between Fa and Fb on Po x C ), and 

• F(t, z) G {Pl(s, z): s £ P } for all t G P and z G B. 

Remark 2.10. For applications in this paper it suffices to use these gluing methods 
in the basic case r = 0, i.e., with continuity up to the boundary. This is because every 
map / G 80 (1Z, X) can be approximated, uniformly on 1Z, by maps holomorphic in 
a neighborhood of 1Z in a larger Riemann surface [6]. 

3. The Main Lemma 

In this section we prove an approximation result, Lemma 13. 1\ which is the core 
of this paper; Theorem 1 1 . 1 1 will follow by a standard recursive application of it. We 
focus on maps to C 2 , although the same method works for any C n , n > 1. 

Let B(s) = {u G C 2 : \u\ < s} denote the open ball of radius s > in C 2 centered 
at the origin, and B(s) = {u G C 2 : \u\ < s} the corresponding closed ball. Recall 
from Sec. [2] that 38(1Z) denotes the set of all bordered Runge domains M. <g 1Z, and 
^(TZ) is the set of immersions TZ^C 2 that are holomorphic in TZ. 

Lemma 3.1. Let TZ be a bordered Riemann surface, let M G £§(JZ), let zo be a point 
in A4, let f G </(lZ), and let e, p, and s > e be positive constants. Assume that 

(i) f(K\M) C B_(s) \ B(s - e), and 

(ii) &\st {nj) (zo,b1Z) > p. 

Then, for any e > and 5 > 0, there exists an immersion f G ^(TZ) such that 
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(LI) ||/-/|| 1> ^<e,_ 

(L2) f(bK) C B(s) \ B(a - e), w/iere s = Vs 2 + 5 2 , 
(L3) /(ft \M)nI(s-e) = ) and 
(L4) dist,^ j)(^o> &ft) > p := p + 5. 

The lemma asserts that any holomorphic immersion /: ft — > C 2 such that f(blZ) 
lies near a given sphere in C 2 (see (i)) can be deformed into another holomorphic 
immersion / : ft — > C 2 mapping the boundary 6ft as close as desired to a larger 
sphere in C 2 (see (L2)). The deformation is strong near the boundary of ft and is 
arbitrarily small on a given compact subset of ft. In this process both the extrinsic 
and the intrinsic diameters of the surface grow, but their respective growths are 
related in a Pythagoras' way; compare the bounds s in (L2) and p in (L4). This link, 
which is the key to obtain completeness while preserving boundedness, follows the 
spirit of Nadirashvili's original construction of complete bounded minimal surfaces 
in ]R 3 |17| . The novelty of Lemma I3.ll is that do not have to modify the complex 
structure on ft in order to keep the extrinsic diameter of the curve suitably bounded. 
This represents a clear difference with respect to previous results and is the main 
improvement of this work. 

The proof Lemma 13 . 1 1 consists of three main steps which we now describe. 

In the first step (Subsec. l3.ip we split the boundary blZ into finitely many compact 
Jordan arcs a^j, with endpoints Pij-i and pij, so that deformations of / near aij 
preserving the complex direction f(pij) £ C 2 keep the image of ctij disjoint from 
the ball B(s — e); at the same time, the length of any segment in C 2 orthogonal to 
f(j>i,j) an d connecting f(onj) to the boundary of B(s), is bigger than 5. 

In the second step (see Subsec. I3.2p we deform / into another holomorphic 
immersion Jq: ft — > C 2 . The deformation is large near the points pij and small 
elsewhere. The new immersion /o maps a neighborhood of each point pij close to 
the boundary of the ball B(s) (see (d6)), and the length of the image of any curve 
in TZ connecting zq to pij is larger than p (see (d9)). Roughly speaking, /o satisfies 
items (LI), (L3), and (L4) in Lemma [3. H but it meets (L2) only near the points pij. 
This step is inspired by the method of exposing boundary points of a complex curve 
in C 2 that was developed by Forstneric and Wold [12] (see also Sec. 8.9 in [TO]). 

In the third step (see Subsecs. 13.31 and f3.4p we work on the part /3f • of the arc aij 
where /o does not meet the condition (L2); that is, outside a neighborhood of the 
endpoints Pi,j-i and pij. We use Lemma 12.31 to solve a suitable Riemann-Hilbert 
problem over a small closed disc D{j containing the arc f3fj in its boundary. This 
gives a holomorphic map hij: JDy — > C 2 which satisfies (L2) over /?? • (see (fl)), is 
close to /o outside a small neighborhood of (3? • on Dij (see (f3)), and its orthogonal 
projection onto the complex line spanned by f(pij) is close to the one of /o on the 
disc (see (f2)). We then glue /o and the /ijj's into a new immersion / £ J^(TZ). 

Finally, in Subsec. [3.51 we verify that / obtained in this way satisfies Lemma 13. II 

Proof of Lemma 13.11 Replacing M by a larger bordered domain in &(TZ) if 
necessary, we may assume that 



(3.1) 



dist( 7? . >/ )(zo,feA^) > p; 
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see the strict inequality (ii) and recall that bTZ is compact. Moreover, we can realize 
7Z as a bordered domain in an open Riemann surface 7Z such that 1Z E 33(jV). Then, 
by Mergelyan's theorem, we may assume that / E J?(TZ) extends to a holomorphic 
immersion / £ ,J?(1Z). 

3.1. Splitting bTZ. Note that for any u E C 2 \ {0}, u + (u)' L is the affine complex 
line passing through u and orthogonal to u. From (i), the definition of s in (L2), 
and Pythagoras' theorem, one has 

dist(u , bE(s) n (u + (n) ± )) > 5 Vu £ /(bft). 

Then, by continuity and up to decreasing e > if necessary, any point u £ f(blZ) 
admits an open neighborhood U u in C 2 such that 

(3.2) dist(u, (B(s)\B(s-e))n(u; + (z)- L )) >5 Vv,w,z£U u . 
Condition (i) also implies that 

(n + (n) ± )nB(s-e) = VuefQM). 
Hence any point u £ f(b7Z) admits an open neighborhood V u C C 2 such that 

(3.3) (u + (w;)- L )nB(s-e) = \/v,w eV u ; 
we are taking into account the compactness of B(s — e). Set 

W u = U u n V u , u £ f(bTZ), W = {W u :u£ f(bTZ)}. 

Denote by a±, . . . ,at the connected boundary curves of blZ. Since 1Z £ £$(1Z), 
the aj's are pairwise disjoint smooth closed Jordan curves in 1Z. As % is an open 
covering of the compact set f(blZ) C C 2 , there exist an integer j > 3 and compact 
connected subarcs {ajj : £ {1, • • • ,i} x Zj}, where Zj = {0, . . . , j — 1} denotes 
the additive cyclic group of integers modulus j, satisfying the following conditions: 

(al) yjy =l aij = ati, 

(a2) otij and have the common endpoint pij and are otherwise disjoint, 

(a3) there exist points aj £ B(s) \ B(s — e) such that 

(a iJ + (/(pi ife )) ± )nB(s-e) = VA:£{i,j + l}, and 

(a4) for every (i, j) £ {1, . . . , i} x Zj there exists a set %j £ ^ containing the curve 
f(a itj ). In particular /(pij) £ %j n ^j+i- 

A splitting with these properties is found by choosing the arcs a^j such that their 
images /(ajj) C C 2 have small enough diameter. 

3.2. Stretching from the points pij. We adapt to our needs the method from 
|12| that was used in that paper for exposing boundary points. (See also Sections 8.8 
and 8.9 in |10j.) Our goal here is a different one: we wish to modify the immersion 
so that the images of a certain finite collection of arcs in 1Z, terminating at points 
of bTZ, become very long in C 2 . 

Recall that 1Z is a compact bordered domain in 1Z. For every £ {1, . . . , i}x Zj 
we choose an embedded real analytic arc 7^- C 1Z that is attached to 1Z at the 
endpoint pij and intersects bTZ transversely there, and which is otherwise disjoint 
from 7Z. We insure that the arcs 7jj are pairwise disjoint. Let qij denote the other 
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endpoint of 7y. We split 7y into compact subarcs 7y and 7?-, with a common 
endpoint, so that py G 7,- ■ and gy G 7? •. 

Next we choose compact smooth embedded arcs Ay C C 2 satisfying the following 
properties: 

(bl) Ay C B(J)\I(s - e), 

(b2) Ay is split into compact subarcs \j • and Ay with a common endpoint, 
(b3) Ay- agrees with the arc /(tsj) near the endpoint f(pi,j)', recall that / G ^(TZ), 
(b4) Aj - C ^y n <&y + i; see properties (b3) and (a4), 
(b5) if J C Ay- is a Borel measurable subset, then 

min{length(7ry (J)), length (7r ij+ i( J))} + 
min{length(7ry(Ay \ J)), length(7Ty+i(A- j \ J))} > 5, 

where 71"^: C 2 — > span{f (p^k)} C C 2 denotes the orthogonal projection 
(observe that (i) implies fip^k) 7^ 0), 
(b6) (Ay + (f(Pi,k)) X ) nB(s - e) = for A; G {j, j + 1}; see (a4), (b4), and 0, 
and 

(b7) the endpoint i>y of Ay contained in the subarc Ay- lies in B(s) \ B(s — e) and 
satisfies (uy + (/(pi,*))- 1 ) D B(s - e) = for A; G {j,j + 1}; see (a3). 

The existence of such arcs Ay is an easy exercise. Property (bl) is compatible 
with the rest thanks to (a3) and (a4). To enjoy (b4) and (b5), the curve Ay must be 
highly oscillating and with small diameter in C 2 . On the other hand, to satisfy (b6) 
and (b7), one can simply take Ay to be a straight line segment in B(s) \ B(s — e), 
connecting <&y n (see (b4)) to a point Uy as those given by (a3). 

By property (b3) we can find a smooth map f e : 1Z — > C 2 which agrees with / in 
an open neighborhood of 1Z, and which maps the arcs 7y and 7? - diffeomorphically 
onto the corresponding arcs Ay- and Ay- for all 

The compact set K := 1Z U (Uy7y) C TZ clearly admits a basis of open 
neighborhoods that are Runge in 1Z. By Mergelyan's theorem one can therefore 
approximate / e , uniformly on an open neighborhood of 1Z and in the (^-topology 
on each of the arcs 7y, by a holomorphic immersion /: 1Z — > C 2 . 

We shall now apply [X2^ Theorem 2.3] (see also \10\ Theorem 8.8.1]). Choose a 
small open neighborhood V C 1Z of K. Further, for every we choose a pair 
of small neighborhoods W[ <e Wij <&7Z\Ai of the point py and a neighborhood 
Vy <s z 1Z\Ai of the arc 7y . The cited theorem furnishes a smooth diffeomorphism 
4>: 7Z — >■ ^>(72.) C V satisfying the following properties (see Fig. 13. ip : 

• 0: 1Z — > 4>(TZ) is biholomorphic, 

• (j> is as close as desired to the identity in the C 1 -topology on 7£\Uy Wy , and 

• 0(p<j) = ?ij and ^(Rn W!j) C Wy U VJ^ for all 

Intuitively speaking, eft hardly changes 1Z outside small neighborhoods of the chosen 
boundary points py, while at each of these points it creates a very narrow spike 
reaching up to the opposite endpoint gy of the arc 7y. (See Fig. 8.1 in [10], p. 
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367].) Although it is not claimed or verified in the cited sources that the arc 7jj 
actually belongs to the image (p(TZ), an inspection of the construction shows that 
we can move it very slightly to a nearby arc 7^ • C K (keeping its endpoints fixed) 
to achieve this property. If the new arc 7^ • is close enough to 7^ (which can be 
achieved by a suitable choice of 4>), we can also replace the arc Ajj C C 2 by the 
image /(7j'j) without disturbing any of the properties (bl)-(b7). In the sequel we 
drop the primes and assume that, in addition to the above, we have 

• 7m \ Ui,j} C <f>(K\M) for all 




\ 

Figure 3.1. The diffeomorphism <j). 



Set 

(3.4) £ 7^ = 0- 1 ( 7 5)for fee {1,2}, a M = <t>- 1 {-f i , j )=al j Ual j . 

See Fig. 13.11 If the approximations desribed above are close enough, then the 
composition 

(3.5) f = fo^:K^C 2 

is a holomorphic immersion satisfying the following properties: 

(d) fo(pi,j) £ B(s)\B(«-e) and (/o(K J + (/(ft,fe)) ± )nB(s-e) = for G {j, j+1} 
and (i, j) G {1, . . . ,i} x Z,; recall that fo(Pij) = f{%j) ~ /e(?ij) = and see 
(b7), 

(c2) ||/o-/|| 1 ^t<e/2 1 

(c3) fo(TZ \ M) c B(s) \ B(s — e); see the open conditions (i) and (bl) and recall 

that Xi j is compact, and 
(c4) dist(7£j )(zo, bA4) > p; see the strict inequality (|3.ip . 

Furthermore, if the above approximations are close enough and the neighborhood 
V of K (containing the image (j)(7Z)) is small enough, then taking into account 
properties (bl)-(b7) and (cl)-(c4), one can easily find simply connected neighbor- 
hoods Ufj (s Uf j <s Ulj of the point p iy j in 1Z \ M for any G {1, . . . , i} x Zj 
satisfying the following properties (see Fig. 13.11 and I3.2p : 

(di) if id nul k = <t>ii kjtj, 

(62) E^- n = if kt{j,j + l}, 

(d3) U ij n aii t k is a connected compact Jordan arc for k G + 1}, 
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(d4) := ctij \ (U^ 1 U U^\) are connected compact Jordan arcs for k G {1, 2}, 

and foiPlj) C see (a4), 
(d5) aj tj C UJ~\UZ, < £ C % (see (JUD^and (p~ 1 (pij) G (617^) n ft, 
(d6) Mu'lj) C B(s) \ B(s - e) and (/o^) + (f{pi,k)) X ) D B(a - e) = for 

& G U j + !}; see (cl), 
(d7) (/o(F- ,) + (/(Pi,*))- 1 -) n B(s - e) = for all k G {j, j + 1}; see (b6), 
(d8) foiUlj \ U? d ) C %j n see (b4), and 

(d9) if 7 C u]j is an arc connecting 1Z \ and Iffj, and J C 7 is a Borel 
measurable subset, then (see (b5)) we have 

min{length(7rij(/o(J))),length(7r i)i+ i(/o(J)))} + 
min{length(vr ij (/o(7 \ ^)))> l ength(7T iii+ i(/ (7 \ J)))} > S. 

In fact, the above properties hold if Ufj is chosen sufficiently small around the point 
Pi ?') U?t is sufficiently small around the arc of ,-, and is [// ^ sufficiently small around 
the arc cjjj (see (|3.4p ). 




Figure 3.2. The sets in K \ M. 



3.3. Stretching from the arcs ctij. We shall now stretch the images of the central 
parts of the arcs a^j (away from the two endpoints) close to the sphere of radius s 
in C 2 in order to fulfill the condition (L2). 

For each G {1, . . . , i} x Zj we choose a smoothly bounded closed disc 

Dij clZ\M such that the following hold (see Fig. ET2"|): 

(el) D id n D i;k = if k, 
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(e2) Dij fl (Xij is a compact connected Jordan arc that contains • in its relative 

interior, and Dij fl a^fc = for all k ^ j, 
(e3) Dfj fl <Tj 5 fc = for all k G Zj, and 

(e4) /o(A~ \ (LT2 j _ 1 u J/^.)) C ^j. (Here / is the map ([33]) constructed in the 
previous subsec.) 

The existence of such discs Dij is trivially implied by properties (d4) and (d8). 

At this point we use an approximate solution of a Riemann-Hilbert problem. 
By property (e2) and the second part of (d6) we can easily find a continuous map 
gij : bDij x D — > C 2 satisfying the following requirements: 

i) 9i,j(p,-)_e £?(p) 2 and gi,j(p,0) = f (p) forall p G bD id , 
ii) ^(p,B) C fo{p) + (f(Pi,j)} ± for all p Gj>Aj, 
Hi) 9i,j(P, bB) C B(s) \ B(s - e) for all p G fl a itj , and 
gij(p, ■ ) = /o(j>) is the constant disc for all p G fr-Dy \ /3 2 j. 

By using a conformal diffeomorphism Dj j — ^ B onto the unit disc, Lemma 12, 31 
gives a map hij G £/(Dij) 2 satisfying the following conditions: 

(fl) hij(p) G M(s) \ M(s — e) for all p G Dij n ay = fl ay; see m), 
(f2) 7Tjj o /ij ,,- is close to 7ry o / on Dy; see m), and 

(f3) /ijj is close to /o outside a small open neighborhood Cy of in £)y with 
&Cjj n b-Djj C ctij; see iu). 

The sets Cjj C Djj and the arcs ■ C Oy are illustrated on Fig. 13.21 

3.4. Gluing /o and Consider the domains in 1Z defined by 

D = TZ\ U(jj) 6 { 1) ... ii } xZ .C i> j and £>i = U( ij ) 6 { 1) .,. :i j xZ .D ii j. 

We may assume that the pair A = Dq and -B = L>i is a smooth Cartan decomposition 
of 1Z (see Def. I2.4| . (Smoothness of bA is easily insured by a suitable choice of the 
neighborhoods Cy of /3y, and the separation property follows from the definition 
of the sets Cy and -Dy-) 

If the approximation of /o by fay on DoH-Dy is close enough (which is guaranteed 
by (f3)), one can apply Corollary 12. 61 to obtain a holomorphic map / : 1Z — > C 2 which 
is as close as desired to /o on Dq, and to fay on Dij, for all (i, j). (The cited corollary 
furnishes a map in £/(lZ) 2 , but we can approximate it by a holomorphic map.) 

Remark 3.2. In the general case, with C 2 replaced by an arbitrary complex 
manifold X (see Sec. E]), we instead apply Lemma 12.91 to obtain a holomorphic map 
f:lZ—}X which is close to the map fo on A, and is close to hij on Cij for all (i, j). 
This can be done provided that we have a suitable procedure for approximating 
maps A — > X of class <s/(A, X), uniformly on A(~]B and uniformly with respect to a 
parameter t G P C C m , by maps B — )■ X of class &f(B,X). We proceed as follows. 
By Lemma 12.81 we embed /o : 4 -> X as the core map /o = Fa(0, •) in a dominating 
spray of maps Fa '■ P x A — >• X, where P is an open set in C m containing the origin. 
By the approximation procedure we find a spray of maps Fg : P x B — >■ A such that 
(up to shrinking of P) the map Fg(t, ■) is as close as desired to F4(i, • ) on AnB for 
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every t E P. Lemma [2.91 furnishes a new spray of maps P x 1Z — > X whose core map 
/: 1Z — > X is uniformly close to /o on A, and is close to hij on Cj for all 

3.5. Checking the properties of /. By approximation and general position 
argument we may assume that / is a holomorphic immersion of a neighborhood of 
1Z in 1Z to C 2 . Furthermore, if all the approximations in our construction (namely, 

(Al) of f by hij on A,j \ Qj, 

(A2) of f by/ on So, 

(A3) of hi j by / on Cij, and 

(A4) of iiij o / by 7Tjj o over Aj, for all (i, j); 

see the above subsections and (f2)) are sufficiently close, then / satisfies the following 
properties: 

• \\f ~ f\\i,M < 

Indeed, just notice that ||/ — /olli jv? ~ (see (A2) and observe that M. C -Do) 
and take into account (c2). 

• f(bTZ) c B(s)\B(s-e). 

Indeed, let p E blZ. On the one hand, if p E Cij for some then (A3) 

and (fl) give that f(p) pa hij(p) E B(s) \ M(s — e). If on the other hand 
p E otij \ Cij C U C/'i j+i (see Fig. I3.2p . then properties (A2) and (d6) insure 
that /(p) w / (p) E B(s) \B(s - e) as well. 

• f(K\M)n®(s-e) = 0. 

Indeed, let p E ft \ Al If p ^ Aj, then (A2) and (c3) imply that /(p) pa 
/o(p) ^ B(s — e). Assume now that p E A,j- Then either p E Qj and (A3) gives 
/(p) w hij(p), or p E A,j \ Cjj and (A2) insures that /(p) pa /o(p). In either case, 
property (A4) guarantees that ^i,j{f{p)) ~ ^ijifoip)) f° r P £ Assuming that 

the approximation is close enough (and using compactness of ft\ M), it thus suffices 
to verify that 7rjj(/o(p)) does not belong to the disc B(s — e) (the 7Tjj-projection of 

the ball B(s - e)). If p E A,j D E7? >fc , k € {j - 1, j}, then n d {f (p)) E mMoffi.k)) 
which is disjoint from D(s — e) by (d7). Finally, if p E Aj \ (2/ ^ j— i U ^ i)> then 
(e4) gives that /o(p) E %j and so ^i,j(fo(p)) $ U(s — e) as well; see (|3.3|) and (a3). 

• dist^ a (zo, bft) > f> = p + 5. 

By (A2) and (c4) it suffices to check that dist/^ a(6A^, 6ft) > 5. Let 7 be any 
curve in 7Z \ Ai connecting bAi and 6ft, and let us show that length(/(7)) > 5. 
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Assume first that jHU^j / for some Then there exists a subarc 7 C U i j 

connecting ft \ and u\j\ see Fig. 13.21 By (A2) and (A3) one has 

length(/(7)) « lengthen A,)) 

+ length(/ijj(7 n C id )) + length (frjj+i (7 n Cy+i)) 

> length(/o( 7 nD )) 

+ length(7r i j(/i ij (7 n C itj ))) + length(7rij + i(/ii J+ i(7 n Cij+i))), 

and by (A4) and (d9), the above is 

« length(/ ( 7 nD )) 

+ lengt^TTij^o^nCij))) +length(7rij +1 (/o(7nC iJ+1 ))) > 5. 

Therefore, length(/(7)) > length^ (7)) > d as claimed. 

2 

Assume now that 7 n U^j = for all G {l,...,i} x Zj. Then there 

exist and a subarc 7 C Di j j\(Vf- 1 UUfA connecting a point po G 

Dij \ (^_! U C/2 u Ci d ) to a point p 1 G /3^-; see Fig. O In this case, (A2) 
and (A3) imply that /(p ) « /o(po) and /(pi) hijipi)- By (e4) one has 
{/o(Po), /o(pi)} G ^j, by (fl) one has &ij(pi) G B(s)\B(s-e), and by (A4) one has 
(hi,j(pi)) ~ 7Tij(/o(pi)); hence inequality ([321) gives that dist(/ (po), /*y(pi)) > 
5. Assuming as we may that f(po) and f{p\) are close enough to /o(j?o) an d hij{pi), 
respectively, we thus get length(/ (7)) > length(/(7)) > 5. 

Thus / satisfies the conclusion of Lemma 13. II and the proof is complete. 

4. Complete proper immersions to Euclidean balls 

We now show how Lemma 13 . 1 1 implies Theorem 11.21 

Let ft be a bordered Riemann surface and h: ft — > C m (m > 1) be a holomorphic 
map whose image h(JZ) is contained in an open ball B C C m . Given a compact set 
A C ft and a number 77 > 0, we must find a complete proper holomorphic immersion 
h: ft — > B (embedding if m > 2) such that — ^llx^ < r /- 

We focus on immersions; the necessary modifications to find embeddings in C m 
for m > 2 are indicated at the end. 

By a translation and a dilation of coordinates we may assume that B = B is 
the unit ball. By general position we can replace h by an immersion (embedding 
if m > 2) such that h(blZ) does not contain the origin of C m . Pick numbers 
0<£<r<lso that h(blZ) C B(r) \ B(r — £). Choose a bordered domain 
A/" G 3S(TV) in ft such that 

A" C A" and h(K \ M) C B(r) \ B(r - f ). 

Set c := y 6(1 — r 2 )/ir > 0. Fix a point Co G AA and define sequences p n ,r n > 
(n G Z+) recursively as follows: 

£ / ^2 

(4.1) po = dtet(K,h)(Co,bJV), p n = Pn-l + -, r = r, and r n = dr^_ 1 + —. 
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It is immediate that 

(4.2) lim p n = +00 

n— >oo 

and 

(4.3) lim r n = 1. 



n— >oo 
2 



To get (|4.3|) . observe that r„ = r^_ x + ^ and hence 

2 2 c 2 2 2 71-2 2 6(1 - r 2 ) 7r 2 

hm r 2 = r 2 + V — = r 2 + c 2 — = r 2 + V 7 — = 1. 

n->oo n z 7T Z O 

n=l 

Set (Mo, ho, £0) — (-A/")^)0- We shall inductively construct sequences of bordered 
domains A/" n £ 3S(JZ), holomorphic immersions /i n € <y(lZ), and constants £ n > 
(n G N) satisfying the following conditions: 

(a n ) W n -1 <S M n , 

(b n ) £ ra < min |^n-l , ^ > ^7 min jmin |d/t fe | : fc = 1, . . . ,n - ill; this minimum 
is positive since dh^ 7^ on 1Z for all k G {1, . . . , n — 1}, 

( c n) ll^n — ^n— l|ll ) JV = Tl _ 1 ^ 

(d n ) h n (ft \ M n ) C B(r n ) \ B(r n - £ n ), 

(e n ) fc n (ft \ A/"„-i) n_B(r n _i - £ n _i) = 0, and 

(f n ) dist ( ^ ihn) (Co,&A/' n ) > p n . 

We will additionally insure that 

(4.4) K = U n£N M n . 

We proceed by induction. To begin, pick a number £1 > so that (t>i) holds. 
Now Lemma 13.11 can be applied to the data 

[M , z , / , e , p, s , e , S) = (A/b , Co , ^0 , Co , Po , r , £1 , c), 

and define hi E ^(Jfy as the immersion / furnished by Lemma 13.11 Properties 
(ci), (ei) correspond to (LI), (L3) in Lemma [3.1|, respectively; take into account 
Moreover, (L2) and (L4) give that h^VR) C B(n) \ B(n - £1) and 
dist(7^ ) / 11 )(£oj ^) > Pi (see (|4.ip again). Since bTZ is compact, it follows that (di) 
and (ei) hold for any sufficiently large domain N\ £ SS(JV) satisfying (ai). 

For the inductive step, assume that for some n > 2 we already have (Nj,hj,£j) 
satisfying properties (aj)-(fj) for all j G {1, . . . , n — 1}. Choose any positive number 
£ n > satisfying (b n ). Property (d n _i) allows to apply Lemma 13. II to the data 

(M, z , f , e, p, s, e, 5) = (hf n -i , Co , K-i , £„_i , p n ^i , r„__i , £„ , -). 

n 

Let h n denote the immersion / furnished by Lemma 13. 11 By choosing a sufficiently 
large domain M n G £${JV), the triple (M n , h n ,£ n ) meets all requirements (a n )-(f n ). 

Finally, in order to guarantee (|4.4p . one simply chooses the bordered domain N n 
large enough in each step of the inductive process. This concludes the construction 
of the sequence {(J\f n , h n , £ n )}neN- 



16 



A. Alarcon and F. Forstneric 



From (c n ), (b n ), and (|4.4|) we infer that the sequence {h n : TZ — > C 2 } n£ N converges 
uniformly on compacts in TZ to a holomorphic map h: TZ — > B. Let us show that h 
satisfies the desired properties. 

• h : TZ — > C 2 is an immersion. 

Indeed, let p G TZ. Pick no G N so that p G M nQ . From (c n ) and (b n ) one has 
\dh(p)\ > \dh no (p)\ - ^ \dh n (p) - dh n -!(p)\ 

n>no 

> \dh no (p)\ - W h n ~ h n-l\\l,Xn 

n>no 

> \dh m (p)\ - U 

n>no 

> \dh no {p)\ ~ Y ^\ dh n a {p)\ > 2 \dK {p)\ > 0; 

n>no 

recall that h no G J?(TZ). This shows that /i is an immersion as claimed. 

• h : TZ — > C 2 is complete. 

Indeed, arguing as above, one infers that 

dist (Ti;h) (Co, bJf n ) > - &st { n !hn) (Co, &A7„) > ^ Vn G N; 

see (f n ). Taking limits in the above inequality as n goes to infinity, one gets the 
completeness of h from (|4. 2[) . 



• ll^-^lli,^ < V- 

This follows trivially from (b n ) and (c n ). 

• h(TZ) C M and h: TZ ->■ B is proper. 

Indeed, let p £ TZ. From (d n ) and the Maximum Principle, |/i n (p)| < r n for every 
n G N. By (|4.3p . taking limits as n goes to infinity, one has \h(p)\ < 1 and, again by 
the Maximum Principle, the first assertion holds. 

For the properness it suffices that /i" 1 (B(t)) is a compact subset of TZ for any 
< t < 1. Observe first that (b n ) and (c n ) imply 

(4.5) \\h-h n \\ ^ n <7]/2 n Vn G N. 

Since r n — ?■ 1 and £ n — )• as n — )■ oo, we can take no G N large enough so that 

(4.6) t + £ n _! + n/2 n < r n _! Vn > n . 
Combining (e n ) and (j4.5|) one infers that 

/i(A7 n \ A/" n _i) n B(r n _! - e„_i - n/2 n ) = Vn > n . 
Therefore, ()4.6p gives that 

(A7 rt \ A/"„_i) n /i _1 (B(i)) = Vn>n , 
hence /i _1 (B(t)) C M nQ is compact in 7?. and we are done. 
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This completes the proof of Theorem II .21 for the case of immersions. If m > 2, we 
construct the sequence h n : 1Z — > B C C m so that, in addition, h n is an embedding 
on the bordered domain A/* n C 1Z for every n; this is possible by applying the general 
position argument at each step. Furthermore, if the approximation of h n by is 
sufficiently close on N n (which is insured by choosing the sequece £ n > to converge 
to zero fast enough), then the limit map h = lim n _>. 00 h n is also an embedding. This 
can be done, for instance, taking in addition to (b n ), 

in < inf jl^n-l(p) - K-i(q)\ : p,q£ M n -i, d(j),q) > ^ j , 
where d(-, •) is any fixed Riemannian metric in 1Z; see the proof of Theorem 4.5 in 



5. Complete proper immersions to Stein manifolds 

By combining the methods in this paper with those in [6], one can find complete 
proper holomorphic immersions of any bordered Riemann surface 1Z to an arbitrary 
Stein manifold X of dimension > 1. (Proper holomorphic immersions 1Z — > X 
were constructed in [6]; the emphasis here is on completeness.) We state this as 
a conjecture rather than a theorem only because we do not give complete details. 
However, we provide sufficient explanation that the details could easily be filled in 
by an interested reader. 

Conjecture. Let X be a Stein manifold of dimension > 1, endowed with a 
Riemannian metric ds 2 x . Assume that 1Z is a bordered Riemann surface and 
/: 1Z — > X is a holomorphic map. Then / can be approximated, uniformly on any 
given compact subset of 1Z, by proper complete holomorphic immersions / : 1Z — > X. 
If dim AT > 3, then we can choose / to be an embedding. 

We sketch the necessary modifications to our proof of Theorem 11.21 see [6] for 
more details. 

Choose a smooth strongly plurisubharmonic exhaustion function p : X — > M with 
Morse critical points. The main point is to explain how to find a complete proper 
holomorphic immersion of 1Z into any given sublevel set D = {p < c}, where c is a 
regular value of p (so bD = {p = c} is smooth), with uniform approximation of a 
given initial holomorphic map ?l-yXon compact subsets of 1Z. A complete proper 
holomorphic immersion 1Z — > X is then obtained by an obious induction, similar to 
that in the proof of Theorem 11.21 

We may assume that c = 0, so D = {p < 0}. Choose a number cq > such that p 
has no critical values in the interval [— co,+co]. Since bD is strongly pseudoconvex, 
every point p £ bD admits a pair of open neighborhoods UL <s U p (s X and a 

holomorphic coordinate map 8 p : U p ^> B C C n onto a ball in C n centered at 
= p (p), such that 9 (Up) is a smaller ball B' C B also centered at 0, and the 
function p p ■= p o 6~ l : B -»• R is strongly convex. In particular, S p := 9 p (bD n U p ) 
is a strongly convex hypersurface in B that may be chosen C 2 -close to a spherical 
cap. 
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By choosing U' p small enough compared to U p , we can also arrange that for any 
point q G U p , the intersection of the tangent plane at the point q' := 6 p (q) G B' 
to the strongly convex hypersurface {p p = p p (q')} C IB with the convex domain 
D p := 8 P (D n Up) C B in a relatively compact subset of B. 

By compactness we can find finitely many holomorphic coordinate charts U = 
{(Uj, 8j)}j=i,..., m as above and corresponding subsets Uj <s Uj such that bD C U' := 
Uj=i Uj. By decreasing the constant cq > if necessary, we can insure that the set 
U' contains the collar {z G X : — cq < p(z) < +Co}. 

Fix a map /: R — > D of class g/(lZ,D). Pick a constant c\ > such that 
f(1Z) C {z £ X : p(z) < — ci}. Now choose a constant c with < c < min{co,ci}, 
and a number e with < e < c. By the main result of [6], we can approximate 
/, uniformly on a given compact set in 1Z, by a map /o G &/(lZ,D) which satisfies 
— c < p(fo(x)) < — c + e for all x G W£. The proof in |6] uses the tools described in 
Sec. [2] above (in particular, the Riemann-Hilbert problem and the method of gluing 
sprays); proper maps 1Z — > D are obtained by an obvious recursive application of 
this result. By general position we may assume that /o is an immersion. Now replace 
/ by fo and assume that / satisfies these properties. 

At this stage we follow the construction in Sec. [3] above to find a new immersion 
/ : 1Z — > D which satisfies an analogue of Lemma 13.11 in this setting. We begin by 
subdividing the boundary blZ into subarcs otij as in Subsec. 13.11 such that each arc 
f(ctij) C D is contained in one of the sets U' k , and it satisfies the relevant conditions 
stated in in Subsec. I3TT1 with respect to the local holomorphic coordinates on U' k . We 
then perform the same construction as in the proof of Lemma 13.11 within the local 
chart (Uk,0k)- The geometric conditions described above enable the use stretching, 
first from the two endpoints of ctij, and then from the middle segment, towards 
the boundary bD n U^ so that the induced boundary distance in 7Z increases by a 
specific amount. Each local modification is glued with the existing immersion by 
the method of gluing sprays (see Lemma l2.9l and Remark I3.2[) . The details are quite 
similar to those used in [6] for the construction of proper maps. 

In this way one can approximate /, uniformly on a given compact in 1Z, by a new 
immersion f : R —> D so that the boundary moves closer to bD by a controlled 
amount, and the boundary distance in the immersed curve also increases by a 
presribed amount, the two numbers being related in the Pythagoras' way (compare 
with Lemma 13. II) . 
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